1. Introduction
1.1. Systems

A system takes a controllable input u and translates it into an
output y. It is thus nothing else than a function y = X(u)

Open loop / feed-forward Closed loop / feedback

Requires precise knowledge of
the system & environment, as
the output can’t be corrected

Stabilizes unstable systems,
but can also cause instability
in an otherwise stable system

7 is the reference value (the desired output), d are disturbances
(also called exogenous input, e.g. wind), and e is the negative error:

negative error = reference value — output

1.2. Linear Systems

Linear systems satisfy Z(au, + bu,) = aX(u,) + bZ(u,) and
2(k - u) = k - Z(u). These properties can be used to simplify:

1+3,

mweatz asscalars:X(u) =X -u
Linear: y(t) = 3u(t?), y() = u@®) + u(t — 1), y(t) = f—too w(r) dr
Non-linear: y(£) = 1+ u(®), ¥(t) = [y (@) dr, (&) = R(u(®))

1.3. Static, Causal & Time-Invariant Systems

Static / memoryless: Output only depends on current input u(t)
Non-static: y(t) = u(t — 1), y(t) = u(t) + x(t), y(t) = fotu(r) dt
Causal: Output relies on past and current, but not on future input.
Non-causal systems cannot be implemented in the real world
Non-causal: y(t) = u(t + 2), y(t) = %u(t), y(@) = f_t:: u(r)dr
Time-invariant: Shifting output has same effect as shifting input
Time-varying: y(t) = t - u(t), y(t) = u(sin(t)), y(t?) = u(t)

2. State-Space Form

2.1. Introduction

LTI systems are dynamic, linear and time-invariant. They are fully
described by two formulas, the so-called state-space form:

{J'c(t) =f(@t)=A-x(t)+ B - u(t)
y()=g{) =C-x(@t)+ D u)

x(t) is the system’s state, a vector of variables representing the
properties of the system at time t (e.g., angle of a pendulum). The
size n of the vector x(t) is called the dimension of the system.

A € RV B e R, C € R, D € R™! are parameters

t
x(t) = et - x, +f eAt=0 . B.u(r)dr
0

t
y(t)=C~eAt~x0+C~f eAt=0 . B.u(r) dr + D - u(t)
0

where x,, == x(t = 0) is the initial state of the system

The first term in y is the initial condition response y,;.-, dominating
the short-term. The rest is the forced response y;, reflecting the
long-term response. The third term is also called feedthrough

The inverse of a 2 X 2 matrix A is computed as follows:

_[a b a__ 1 rd -b
A_[c a4 _ad—bc[—c a]
o adj(4)
det (A)
Adjoint 3x3:
a b ¢ ei—fh ch—bi bf—ce
adj |d e f|l=|fg—di ai—cg ecd—af
g h 1 dh —eg bg—ah ae—bd

If A isin diagonal form, e4¢ can be simplified to:

I
exp[(o Az t| = 0 elzf

If A is not diagonal but diagonalizable, e4t is computed using:

det([*74 P ])=@-D@-n-bc=0

et = diag[e™?, e?2!]

If A is in Jordan form, e“? can be simplified to:

A1 a1t

exp(0 At)—e [0 1]
A 10 1 t t?/2
exp[|0 2 1|t]|=e*|l0 1 ¢
0 0 A 00 1

2.3. Stability from state-space form

The eigenvalues of A determine the stability of the system:

Asymptotically stable: State converges to “zero” (stays constant)
for bounded initial condition & zero input. R(4;) < 0 forall A; of A

Lyapunov stable: State will remain bounded for bounded initial
condition & zero input. R(4;) < 0 for all A; of A

Unstable: State does not remain bounded. R(4;) > 0 for at least
one 4; of A

BIBO stable: Output remains bounded for every bounded input.
This is satisfied if the system response to an impulse y5(t) = 0
and its integral settles to a finite value f_mmlya(t)ldt < o

e Asymptotically stable — BIBO stable & Lyapunov stable
e Asymptotically stable < BIBO stable (for minimal LTI systems)

The initial condition response y, depends on the eigenvalues of A:

There are no oscillations if 3(4;) = 0. Oscillations neither affect
the stability nor the over- and undershoot (see 3.2.)

2.4. Linearization

A system is at equilibrium when for a given input u,, x(t) remains
constant over time x(t) = f(x,,u,) = 0. Non-linear systems can
be linearly approximated near their equilibrium points (x,,u,):

{x = f(x(®),u(®))

5 {x =A-x+B-x
y = g(x(@®), u(t))

y=C-x+D-x

Oh . % oy
0x, 0x, ou
A=]| : : , B=]|:
. Ofn 0fn
0x, 0x, oty ou-y, u,
. [6_9 6_g . [6g(x,u)
0x;  0x, xmug' ou -

Hartman-Grobman theorem: if the linearization is asymptotically
stable, then the non-linear system is locally asymptotically stable
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3.0. Signals & Responses

The most commonly used reference signals are:

Step Ramp Impulse
ye y T/ y T y T
>t >t /) t >t
() = h(t) t-h(t) /- h(t) 5@t
R(s) = 1/5 1/52 1/53 1

where R(s) is the Laplace transformation of r(t)

3.1. Introduction

The state-space form is tedious to solve. The Laplace
transformation of y(t) simplifies the calculations significantly:

Y(s)=(C-(sI—A)1-B+D)-U(s)

This formula only holds true if s is not an eigenvalue of A

We define G(s) =C - (s-1—A)™' - B + D as the transfer
function of a system as it relates the output Y to the input U:

Y(s)=G(s)-U(s)
Yo =G(s)- e

The input u = e%¢,s € C can represent a variety of inputs (e.g.
s = 0is a constant input and J(s) # 0 is a sinusoidal input):

y(t) = Ce?t(xy — (sI — A)™*B) + (C(sl — A)"*B + D)e"t

Where the first term is the transient response and the second is
the steady-state response y,. If the system is asymptotically
stable, the transient response (blue) converges to zero and the
system reaches a steady-state (grey):

Transfer functions are often presented in the canonical form:

by s™+ by y-s™ 14+ b

G6(s) = St a, 4 -5t 4t a, *td
0 1 0 0 0
A= 50 03 .__1 (i EnXn, B=9€nx1
QG —q —an_1 1
C=1[by .. by O 0]elxn, D=d

G(s) is proper if n = m, which also means that the system is causal

Stability information is lost when an unstable pole is
canceled with a zero. Transfer functions with no identical poles
and zeros and no pole-zero cancellations are called minimal

The zeros influence the shape of the initial condition response y,:

Non-minimum phase system Minimum phase system

R(z;) > 0 causes undershoot: | R(z;) < 0 causes overshoot:

zero - =

System initially reacts in the
opposite direction of the
steady-state value

System initially reacts by
exceeding the steady-state
value

The more positive R(z;), the
smaller the undershoot

The more negative R(z;), the
smaller the overshoot

3.3. Controllers

where C is the controller and P the plant / system. w is the input
disturbance, d is the output disturbance, and n is sensor noise

Y(s) =S(s) - (D(s) + P(s) - W(s)) +T(s) - (R(s) - N(s))

SR = IEENORTORIS
Closed L(s) 1
loop: T6s) = 1+L(s)’ S(s) = 1+ L(s)

Ohne W:RtoY=T(s),DtoY=S(s),NtoY = lT(s), Rto E=S(s)

3.4. Root Locus Plot

An absolute stable system is stable for all values of k

Number of branches is equal to the denominator order of T

Contact point / Centroid of asymptotes

S _ ZxPoles - ExZeros
M #Poles — #Zeros
x; = Coordinates on the Real axis

Angle of asymptotes

2n+1

- #Poles — #Zeros
n =1{0;1; ...; (#Poles — #Zeros — 1)}

o

n

Root locus is an alternative representation of transfer functions:

(s=2z) (s—2) .- (s—z)
(s=p) (=p) i (s—1))

G(s) = WFiams -

where z; are the roots of the numerator (zeros) and p; are the
roots of the denominator (poles). k;,.s is a constant. The poles
are part of the eigenvalues of A and therefore determine the
system’s stability:

e A system is unstable if at least one pole has a positive real part

® The response oscillates if there is a pole with an imaginary part

e The further a pole from the origin, the faster the response
converges to zero

3.5. Partial Fraction Form

Partial fraction is another representation of transfer functions:
n T T

S—™P1 S—D2 S—Dn

G(s) = +1

wherery = d, p; are the poles and 7; are the residues:

p; is a single

r; = lim[(s —p) - G(s)]
pole: s-p;

1 m-—1

p; is repeated _ .
= (m — 1)!sh->1};li dsm-1

m times:

(s =p)™ - G(s))



Y6(t) =1n" eplt + T, ep2t + o+ T epnt

3.5. Initial / Final Value Theorem & Steady-State Error

The long- and short-term output of a system are calculated using:

Initial value theorem: ‘ lti_r}(}[}’(t)] = 511_{2[5 Y (s)]

Final value theorem: ‘ }i_}rg[y(t)] = 151_%[5 Y ()]

The latter only applies to stable systems with at most one integrator

The steady-state error e, of the closed-loop system is the
difference between the reference value and the output for t — oo:

‘R
e = }Lrg[r(t) -y®]= lsi—r% [15"‘—14((55))

Alternatively, ez can be derived from the number of poles of L(s)
at the origin (so-called integrators) and the reference signal r(t):

r@®=h@) | r@=t-h®) |r@) = ; “h(t)
0 integrators 1/1 + Kpoue o *
1 integrator 0 1/kbode «©
2 integrators 0 0 1/ Kpode

where kpoq. = lim_,o[L(s)]

3.6. Dominant Poles Approximation

A system of higher order can be approximated by a system of lower
order by only keeping the dominant poles. Dominant poles are
those closest to 0 and who are far away from the zeros

o If p; = z; with R(p;) < 0 and R(z;) < 0, cancel p; and z;

e Cancel poles with R(p;) « 0 relative to other poles

Add a gain k t0 Ggppyrox (5) 50 that Ggpyprex (0) = G(0)

s+ 0.6

CO) = G H T+ )G I=5)G+ )G +05)

Cancelp; = s + 0.6 and z, = s + 0.5 as lie close to each other:

1
+1+5)(+1-5)(+3)

Gapprox (S ) =

Cancel z; = s + 3 as it has the most negative real part:

1
(s+1+4+5)(s+1-5j)

Gapprox (S ) =

Add a gain 5o that Ggyyr0x (0) = G(0):

1
5 (s+1+5))(s+1—5))

Gapprox (s ) =

LIT11# k is equal to the ratio of the cancelled zeros and poles

3.7. System Characteristics

When designing a system, it can be engineered to have certain
features. In the following, we will look at 2" order systems of the

2
form G(s) = i > with the poles p; , = 0 + jw:

2420 -wn-S+wy

Settling time:  Time until the response is within +d% (often

2%) of the steady-state:

T, = 11(d)
4= 151 ™" \100

where |o| = {w, and w, = Va? + w?

Time to peak:
reached:

Time until the highest value of the response is

Rise time:
the first time:

—Q
Tio0% =

N

s
2wy,

21
Tooy, = (0.14 4+ 0.40) "

n

g

where ¢ = arctan (w) and || = arcsin({)

The more negative the real part, the smaller

Tio0%

Time until the reference value is reached for

Peak

overshoot: reference value:

T
M w

p =€

in(M,)*

where (% = —2—
¢ 7'[2+ln(Mp)2

The larger the imaginary part, the larger M,

The maximum overshoot compared to the

The above features yield two formulas for calculating { and w,,:

ln(Mp)Z

2

w2 + ln(Mp)Z'
The location of the poles can also be derived visually:

e Poles with short
settling times lie left of
the red line

sin™1(§)

21
w, = (0.14 + 0.470) -
90%

green lines have small
overshoots

N
wll
e Poles between the @%

e Poles outside the blue
circle have small rise ol
times

v

Re

wp =Vo2+w?

lo| = Cwn
o
@ = arctan —
w
¢ =sin(|e])

4. PID Controllers

A PID controller creates an input signal to the plant that depends
on the negative error e, the integral of e, and the derivative of e:
de(t)

dt

u(®) = ky - e(t) + k; - fte(‘r) G
0

Advantages Disadvantages

e More sensitive to

e ¢, decreases noise

e Faster response
e Increases bandwidth

Increase k,, e More oscillations

e Phase margin
decreases (see 4.5.)

e Less oscillations

. e More sensitive to
e Phase margin

Increase k . noise
d increases (see 4.5.)
e Slower response
e Reduces overshoot
e More oscillations
k| ®6ss decreases (to 0) )
Increase k; e Phase margin

e Faster response

decreases (see 4.5.)

ki kg s*+k,-s+k;
CPID(5)=kd‘5+kp+?l= : . :

S

With less poles than zeros, PID controllers are non-causal and
hence not realizable. Therefore, an additional element with

C(s) = 1/5 _ p is added to the system to make it causal:

+
T Ce
e + u

ki/s

Choose R(b) K 0 so that system characteristics remain unchanged

4. Bode & Nyquist Plots

5 T, a<0, b=0
2(a + jb) = arctan (E) +1i—m, a<0, b<O
0
arctan(—x) = —arctan(x)

Decibels X;5 = 20 - log,,(x) are converted to decimals as follows:

Decibel
-20

Decimal | Decibel | Decimal |

100 40 0.1
4.1. Magnitude & Phase Shift

A sinusoidal input to an asymptotically stable system causes a
sinusoidal steady-state response with the same frequency but a
different amplitude and with a phase shift:

YSs(t) = |G(]0J)| . Sin(t ar LG(jCU))

where w is the input frequency, |G (jw)| the amplitude (also M),
and 2G(jw) the phase shift (also ¢):

I1; 2w - z;)

[Lljw -zl
I, 2(jw - p;)

Mo -
Do not forget the factor k

|GGw)| = |kl - , 2G(jw) = ¢k -

4.2. Bode Form

Bode form is another way to represent transfer functions:

(_izl+ 1)~(_LZZ+ 1)(}21+ 1)

(_ipl+ 1)~(_ipz+ 1)~...~<_ipj+ 1)

where kppqe = b"/ao + d if derived from canonical form (see 3.1.)

G(s) = kpode *

4.3. Bode Plots

. Aber theoretisch ist
der Plot flr eine Zero die einem Pole entspricht, einfach der Plot
des Poles gespiegelt, weil Z = P~

Magnitude .
Phase —20 dB/dec +20 dB/dec
—90° stable pole non-minimum phase zero
+90° unstable pole | minimum phase zero

Differentiator "s" +20db/dec (bei Frequenz 0 = 0) Phase 90
Integrator "1/s" -20dB/dec (bei Frequenz 0 = 0) Phase -90

4.4. Nyquist Plots

Nyquist plots are another way to visualize how the magnitude
|G(jw)| and the phase £G (jw) change with the frequency w:

RHP poles of T(s) =0 of — l/k + RHP poles of L(s)

=>Z=N+P
4.5. Phase & Gain Margins

The phase margin PM / ¢,, indicates how much the phase can be
changed at the w where the magnitude is 1 before encircling —1
(making the closed-loop system unstable). The gain margin GM /
gm indicates how much the magnitude can be changed at the w
where the phase is +180° before encircling —1

Phase margin: Gain margin:

Find the frequency w at which
2L(jw) = —180°. Then find
|L(jw)|4p for the same w

Find cross-over frequency w,:
ILGw )l =1
|L(jwc)|dB =0

Find the phase ¢ = 2L(jw,)
and set the phase margin:

Compute the gain margin:

Imag =0 — ILGw)lap

=90

/ S -1s50F .
m , 3 @m
)

L
T 10" 10’ 10'
Frequency w [rad/s]

9m,dB
Pm = @ +180° Gm =10 20
Im L(iw) 10'
PR I 20
’ K N = \k’ﬁ 10 Gm
/ -t .
0 =1/ga * Re L(iw) 10

Stability is guaranteed for g, 45 > 0/ [L(jw,)|4p < 0 and ¢, >0

These criterions only hold true if L(s) is stable. If L(s) is
unstable, it might in fact be desirable to encircle —1/k

5. Compensators

5.0. Introduction

Noise N(s) is cancelled when T(s) =~ 0 and disturbances D(s)
when S(s) = 0. Noise has high frequencies (> 100Hz) while
disturbances have at low frequencies (< 10Hz). Therefore,
S(s) = 0is desired for low w and T (s) =~ 0 for high w




Bandwidth BW is defined as the w for which |T (jw)| > 1/+/2 and
IT(jw)|zp > —3.01 respectively. The bandwidth is approximately
the cross-over frequency of the open-loop system

A higher gain and poles close to the origin increase the bandwidth.
However, the stability might be lost, making the bandwidth
irrelevant. Zeros close to the origin decrease the bandwidth

m If the bandwidth is asked in Hz, use f = ©/,

5.1. Lead Compensators

A lead compensator is a loop element that increases the phase
margin. However, it also makes a system more sensitive to noise:

sfa+1 b s+a

s/b+1 a s+b’ 0<a<b

Clead (S) =

magnitude (dB
phase (degrees)

(H 0]
a b Va-b
frequency

IL(jw)| changes by 20dB/decade. The maximum increase of ¢ is:

Ap =~ 2 - arctan(y/b/a) — 90°

1. Pick the desired crossover frequency w, = va-b
Pick b/a depending on the desired phase increase

3. Possibly add a proportional gain k to set w, back to the

desired frequency (lk - L(jw)| = 1)

5.2. Lag Compensators
A lag compensator is a loop element that improves disturbance
rejection and command tracking by decreasing the sensitivity to
noise. However, it also decreases the phase margin of the system:

N

sfa+1l b s+a

s/b+l a s+p =b<e

Clag (s) =

0 G- 4 00

magnitude (dE
phase (de

b a Va-b
frequency

|L(jw)| changes by —20dB/decade. The maximum decrease of ¢ is:

Ap ~ 2 - arctan(y/b/a) — 90°

1. Choose a/b as the desired increase in magnitude at low w

2. Pickva - b as far as possible from the desired crossover
frequency w, to not risk instability

6. Time-Delays

A time-delay element (linear) has the transfer function C(s) =
e~ 75 where 7 is the time-delay. It causes the phase to oscillate but
doesn’t change the magnitude of the open-loop system:

S i)

ImlL{jw))

w

ArglLiio)] )
[ ilome o TR A} wn.w\“n

05 - ==

\
<_{ | (- ‘{M
RelL o) w

E) 05 o 05 1

A time delay reduces the phase margin:

Pmtime delay = Pm — W * T

where w, is the crossover frequency in rad and t is in seconds

A time delay can be simplified using Padé approximation:

~2/1—5
2/T+S

e —T-S

7. Non-Linear Systems

A system with a non-linear element is absolute stable, if, for any
choice of the nonlinear element, the input u = 0 is a globally
asymptotically stable equilibrium point of the closed-loop system

A system with a non-linear element that has a gain between k;
and k, has as many unstable poles of L(s) as counterclockwise
encirclements of the circle drawn from —1/k; to —1/k,

m =k, X A
"~ N
y
m=k,
5 - g4
R
u ~1/k, —1/k,

Encircling the line between —1/k, and —1/k, is a necessary
condition for absolute stability. Encircling the circle from —1/k, to
—1/k, is a sufficient condition. Hence, if the Nyquist plot touches
the circle, no conclusions about the absolute stability can be made
Self-sustaining oscillations are called limit cycles. Such cycles
occur if L(jw) = —1/N(A) where N(A) can be imagined as an
amplitude-dependent gain within a specific range. w is the
frequency and A the amplitude of the limit cycle. The number of
intersections of L(jw) and N(A) equal the number of limit cycles:

N AN

N)

If —1/N(A) lies in an unstable region of the Nyquist plot, the
amplitude of the oscillations increases. In a stable region, the
amplitude decreases. The amplitude continues to increase /
decrease until it reaches a limit cycle. There, a change in the
amplitude immediately causes it to react back to its original value

- Non-minimum-phase zeros limit the crossover frequency (closed
loop bandwidth)

- Open Loop unstable poles require the crossover frequency to be
higher

- Itis possible to have small sensitivity at all frequency ranges. Open
loop unstable poles firther increase the sensitivity

dB A m(w/wo) [ 0.05/}_
\,

)
er g=o07 w/wo

-30 F

0.1 1

degrees | @(w/wo) w/wo

-00 |

\‘\
;: 0.05 N

Figure 8.3. Bode diagram of the second-order system (8.15) for six different damp-
ing ratios 7= [0.05,0.1,0.2,0.33,0.5,0.7).

13.2 Describing Functions

Frequency Response of a static nonlinearity (example)
Suppose you apply sinusoidal input to a static nonlinearity:

u(t) = Asinl(wt)
The output will be of the form:

y(t) = f(Asin(wt))
All we can say is that the output y will be a periodic signal with
the same frequency as the input. Take for example the saturation
nonlinearity:

1 ifu>l
wif —1<u<1
—1 if u<l

sat{u) =

If the input amplitude A < 1, then the output is equal to the

output. If A = 1, then y(t) = sat{Asin(wt)) locks like this:
u ¥

Al -

The output of the non-linearity can be approximated by its first
harmonic:

Odd non-linearity: y(i) & bisin(wt)
Even non-linearity: y(t) = a;cos(wt)
The ratio of 21 or by to A is called the describing function:

by

Noaa(A) = i _ﬂ_—lA j;n yit)sin(nwt)d(wt)

Newen(A) = %‘ _ ﬁ f_“ u(t)cos(nwt)d(wt)

If the input has both odd and even components a more general form
of the describing function is given by.

c1(A, w)
A

The new loop transfer function utilizing the describing function is
approximated as:

N(A,w) = el #1(A)

L'(A, s) = N(A)L(s)

For an input of an Impulse Function of the form:

gl urcion
with the input
+oo, t=10
t) = d(t) = :
w(t) = 8(2) {ﬂ, i

We receive the general solution:
=i k
ys(t) = e+ - (:I’:n'l' —)
T

with time constant T and coefficient k. Graphically it is displayed
as:

y(t) -7 /k

1.4 \\ ke
d l ke
- —x(t) = == x(t) +— u(t
\__ T L“x{} rx{} rm“]
1\ y(t) = x(t)
\‘\ "'-_1\\ where
N\ u(t) = 8(1)
g \\\«._
.\x\.‘:\\'\. \\\‘\
51 "'I'
0 ~I )
¥ Ly
. oo ! T B



_ The desired control objectives are,

Correct. In the lecture it was shown that the phase margin of the system affected by a time delay is e no steady-state error to step references,

Om, T = Om,0 — weI', where ¢, o is the phase margin of the system without the time delay, w, is the
crossover frequency. When increasing 7', the phase margin decreases and following this the achievable
bandwidth decreases.

tracking error to sinusoidal inputs of frequencies up to 1 rad/s should not exceed 10% in magnitude,

(noise) frequencies higher than 50 rad/s should be suppressed at least by a factor 10,

desired phase margin of at least 45°, and,

¢ a desired closed-loop bandwidth of approximately 10 rad/s.

Question 38  Mark all correct statements. (2 Points)

Mark all of the following statements about control limitations that are true.

. . .. \ . the controller must consist of an integrator such that the steady-state error is zero.
. The dominant right-half-plane pole puts a lower limit on the system’s bandwidth.

B The sensitivity function, S(s), plus the complementary sensitivity function, T'(s), must equal Through the second requirement, the following is required:

one for all 5. |S(jw)| < 0.1, when w < 1 rad/s
. A plant’s right-half-plane zero limits the bandwidth of the closed-loop system. HTL(N <0.1
+ L(jw
. When a plant has a right-half-plane zero z, the sensitivity function at z, S(z), must equal 1. 10 < |1 + L(jw)| & |L(jw)| since|L(jw) >> 1 when w < 1 rad/s

Since the requirement must hold true up to 1 rad/s:

10
Systermn responses - 1.order Impulee response

: = +00, = This is only possible with options C and D.
First onlerjysre.m . YEX b = 8 = 0 ! :* : TF yP P

X = - ;l'-' X <+ ? ‘U General solution: ! k + By the third requirement, noise should be reduced by a factor of 10 for w > 50 rad/s. Thus:

/
-t k\ y(0) = xo+ =;

. - =e T -+ - T . 1 .
hmecomtqnffund,gmnk Vs (Xo T) y(o) T = _‘y(o) IT(507)| < E|P(50j.)|

G(s)= ——— — T i$ the time it would toke

TS +1 to reach 0 with the initial y(o) Only option C, C(s) = % satisfies this requirement.
Step response
_f1, t20 =t =t
uty) = 0 t<0 General solution: y =e T - Xo + k A1-eT By the third requirement, noise should be reduced by a factor of 10 for w > 50 rad/s. Thus:
]
YO = x; y(0)-7=k-y@); k= limy (T(505)| < 7 |P(507)

— T is the time it would take to reach k with the initial y(0)

— Kk is the value of the horizontal asymtote (DS t > o) Only option C, C(s) = 1 satisfies this requirement.

> 25 I I

afn1 = —otep .

S initiol vol b f{fﬁ:ﬂ..t,m e y(o) $ 0 Then ensure that option C satisfies the remaining control objectives.

Brn A— el . To check requirement 4, either draw a bode plot approximation, or:

-=-uft)

Afon L.

dxp

10 10
L(jwye)| = : _
Eiwgdl = |7 g

the tamatnt of . .
Neme, G0 Tt 100 = /w2, + 100w2,

with & axis (4=0)

Tef u,

=f [3_?u] e
e

0.5 100 = 10wy, = wge ~ 10 rad/s
Cou time N\ (0) k  gain
xl0)¢o [° : gt y =value ot oo The phase at the crossover frequency is:
- t] 2 1 (.i ?i ]I 20 JI.' 40 ii"
Xt0)=0_ LL(jwge) = 0 — (90° 4 45°) = —135°

Hence, the phase margin is approximately 45°, and thus requirement 4 is met.

Similarly, the bandwidth can be approximated by the gain crossover frequency, and thus is around 10
rad/s. Hence, requirement 5 is also met (You can also verify this formally by determining wp such that
[T (juws)| = %), and the solution is C(s) = 2.



